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JACOB’S LADDERS AND INFINITE SET OF
TRANSMUTATIONS OF ASYMPTOTIC COMPLETE HYBRID
FORMULA ON LEVEL CURVES IN GAUSS’ PLANE
JAN MOSER
Abstract. In this paper we have obtained new phenomenon lying in the fol-
lowing: every fixed asymptotic complete hybrid formula (we call it as mother
formula) generates infinite set of new formulas (transmutations) such that ev-
ery new formula expresses a close binding between some subset of t|ζpsq|u and
subset of moduli of certain integral and meromorphic functions.
Dedicated to old alchemists
1. Introduction
1.1. Let us remind that the following sets of values"
|ζ
ˆ
1
2
` it
˙
|2
*
tf1ptqu “ tsin
2 tu, tf2ptqu “ tcos
2 tu, tf3ptqu “ tcos 2tu,
t P rpiL, piL` U s, U P p0, pi{4q, L P N
(1.1)
generate the following secondary asymptotic complete hybrid formula (see [8], (3.7),
k1 “ k2 “ k3 “ 1) ˇˇˇ
ˇζp12 ` iα1,11 q
ˇˇˇ
ˇ
2
sin2pα1,1
0
q´
´
"
1`Op
ln lnL
lnL
q
* ˇˇˇ
ˇζp12 ` iα2,11 q
ˇˇˇ
ˇ
2
cos2pα2,1
0
q`
`
ˇˇˇ
ˇζp12 ` iα3,11 q
ˇˇˇ
ˇ
2
cosp2α3,1
0
q “ 0,
@L ě L0 ą 0,
(1.2)
(L0 is sufficiently big), where
αl,1r “ αrpU, piL, flq, r “ 0, 1, l “ 1, 2, 3,
α
l,1
0
P ppiL, piL` Uq, αl,1
1
P p
1ŇpiL, 1ŔpiL ` Uq,(1.3)
and
r
1ŇpiL, 1ŔpiL` U s
Key words and phrases. Riemann zeta-function.
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is the first reverse iteration (by means of the Jacob’s ladder, see [4]) of the basic
segment
rpiL, piL` U s “ r
0ŇpiL, 0ŔpiL` U s.
Remark 1. The components of the main ζ-disconnected set (for our case)
∆ppiL,U, 1q “ rpiL, piL` U s Y r
1ŇpiL, 1ŔpiL` U s
are separated each from other by gigantic distance ρ, (see [4], (5.12), comp. [7],
(2.2) – (2.9))):
(1.4) ρtrpiL, piL` U s; r
1ŇpiL, 1ŔpiL` U su „ pip1 ´ cq L
lnL
, L Ñ8,
(c stands for the Euler’s constant).
1.2. In this paper we obtain, for example, the following transmutations of the
mother formula (1.2). For every fixed and admissible U and L (see (1.1), (1.2)),
the formula (1.2) generates:
(a) continuum sets
(1.5)
p1q
Ω lpU,Lq,
p2q
Ω lpU,Lq,Ă C, l “ 1, 2, 3
such that for any elements
s1l P
p1q
Ω l, s
2
l P
p2q
Ω l
we have the following formula (transmutation of (1.2))
|ζps11q|
2|ζps21q|
2 ´
"
1`O
ˆ
ln lnL
lnL
˙*
|ζps12q|
2|ζps22q|
2 ` |ζps13q|
2|ζps23q| “ 0,(1.6)
(b) the continuum set
(1.7)
p5q
Ω lpU,Lq Ă C, l “ 1, 2, 3
such that for any elements
s1l P
p1q
Ω l, s
5
l P
p5q
Ω l
we have the following formula (transmutation of (1.2))
(1.8)
|ζps11q|
2
|Γps5
1
q|2
´
"
1`O
ˆ
ln lnL
lnL
˙*
|ζps12q|
2
|Γps5
2
q|2
`
|ζps13q|
2
|Γps5
3
q|
“ 0,
(c) the continuum set
(1.9)
p7q
Ω lpU,L, klq Ă C, l “ 1, 2, 3, rpk1q
2, pk2q
2, pk3q
2s P p0, 1q3
(for every fixed and admissible k1, k2, k3) such that for any fixed elements
s1l P
p1q
Ω l, s
7
l P
p5q
Ω l
we have the following transmutation of (1.2)
|ζps11q|
2| snps71, k1q|
2´
´
"
1`O
ˆ
ln lnL
lnL
˙*
|ζps12q|
2| cnps72, k2q|
2 ` |ζps13q|
2| dnps73, k3q| “ 0,
(1.10)
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(for Jacobi’s elliptic functions of moduli k1, k2, k3).
1.3. Now we give the following remarks.
Remark 2. The formula (1.1) gives the example of the continuum set of transmu-
tations of the mother formula (1.2).
Remark 3. Let us remind that the mother formula is written as orthogonality
condition for corresponding vectors. We see that the transmutations (1.6), (1.8) as
well as (1.10) inherit this property.
Remark 4. The method presented in this paper is general one in the following sense:
(a) single secondary asymptotic complete hybrid formula (1.2) generates the
infinite set of its transmutations,
(b) there is an infinite set of asymptotic complete hybrid formulas, (see [5] –
[8] concerning evolution from ζ-factorization formula to complete hybrid
formula).
Remark 5. Let us remind that the general feature of all transmutations is a new
phenomenon that lies in close binding between some subsets of |ζpsq| and subsets
of moduli of other integral and meromorphic functions.
Remark 6. This paper is based also on new notions and methods in the theory of
the Riemann zeta-function we have introduced in our series of 48 papers concerning
Jacob’s ladders. These can be found in arXiv [math.CA] starting with the paper
[2].
2. Jacob’s ladder as basis of secondary complete hybrid formula
2.1. Let us remind that the Jacob’s ladder
ϕ1ptq “
1
2
ϕptq
was introduced in [2], (see also [3]), where the function ϕ1ptq is arbitrary solution
of the non-linear integral equation (also introduced in [2])ż µrxpT qs
0
Z2ptqe´
2
xpT q
tdt “
ż T
0
Z2ptqdt,
of course,
Zptq “ eiϑptqζ
ˆ
1
2
` it
˙
,
ϑptq “ ´
t
2
lnpi ` Im
"
ln Γ
ˆ
1
4
` i
t
2
˙*
,
where each admissible function µpyq generates a solution
y “ ϕpT ;µq “ ϕpT q; µpyq ą 7y ln y.
We call the function ϕ1pT q the Jacob’s ladder as an analogue of the Jacob’s dream
in Chumash, Bereishis, 28:12.
Remark 7. By making use of the Jacob’s ladders we have shown (see [2]) that the
classical Hardy-Littlewood integral (1918)ż T
0
ˇˇˇ
ˇζ
ˆ
1
2
` it
˙ˇˇˇ
ˇ dt
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has - in addition to previously known Hardy-Littlewood expression (and other sim-
ilar) possessing an unbounded error term at T Ñ 8 - the following infinite set of
almost exact representationsż T
0
ˇˇˇ
ˇζ
ˆ
1
2
` it
˙ˇˇˇ
ˇ dt “ ϕ1pT q lntϕ1pT qu ` pc´ ln 2piqϕ1pT q ` c0 `O
ˆ
lnT
T
˙
as
T Ñ8,
where c is the Euler’s constant and c0 is the constant from the Titschmarsh-Kober-
Atkinson formula.
2.2. Next, we have obtained (see [2], (6.2)) the following formula
(2.1) T ´ ϕ1pT q „ p1´ cqpipT q; pipT q „
T
lnT
, T Ñ8,
where pipT q is the prime-counting function.
Remark 8. Consequently, the Jacob’s ladder ϕ1pT q can be viewed by our formula
(2.1) as an asymptotic complementary function to the function
p1´ cqpipT q
in the following sense
ϕ1pT q ` p1´ cqpipT q „ T, T Ñ8.
Since Jacob’s ladder is exactly increasing function we have the reversely iterated
sequence
t
k
T uk0k“1, k0 P N : ϕ1p
k
T q “
k´1
T ,
0
T “ T ą T0 ą 0,
k
T “ ϕ´k
1
pT q,
where T0 is a sufficiently big (we fix k0). Next we have (see [4], (2.5) – (2.7), (5.1)
– (5.13)) the following basic property generated by the Jacob’s ladder.
Property. For every segment
rT, T ` U s, U “ o
ˆ
T
lnT
˙
, T Ñ8
there is the following class of disconnected sets
(2.2) ∆pT, U, kq “
kď
r“0
r
ruT, rŔT ` U s, 1 ď k ď k0
generated by the Jacob’s ladder ϕ1ptq.
Remark 9. Disconnected set (2.2) has the following properties (see [4], (2.5) – (2.7)):
(a) lengths of its components are given by
(2.3) |r
ruT, rŔT ` Us| „ oˆ T
lnT
˙
, T Ñ 8,
(b) lengths of adjacent segments are given by
(2.4) |r
r´1ŔT ` U, ruT s| „ p1´ cq T
lnT
, T Ñ8,
i.e. for distance ρ of two consecutive components we have
(2.5) ρtr
r´1uT , r´1ŔT ` Us; r ruT, rŔT ` U su „ p1´ cq T
lnT
, T Ñ8, r “ 1, . . . , k.
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Remark 10. Formula (1.4) follows from (2.5) for r “ 1 and T “ piL.
Remark 11. Asymptotic behavior of the components of the disconnected set (2.2)
is as follows: at T Ñ 8 these components recede unboundedly each from other and
all together are receding to infinity. Hence, at T Ñ8 the set of the components of
(2.2) behaves as one-dimensional Friedman-Hubble universe.
2.3. Finally, let us remind that the functions (see (1.2), (1.3))
αl,1r “ αrpU, piL, flq, r “ 0, 1, l “ 1, 2, 3
are generated by the Jacob’s ladder ϕ1pT q and its iterations as follows (see [4],
(6.3), [5], (1.14), [7], (3.6))
αl,1r “ ϕ
1´r
1
pdlq, dl “ dpU, piL, flq, r “ 0, 1, l “ 1, 2, 3,
αl,1r P p
rŇpiL, rŔpiL` Uq, r “ 0, 1.(2.6)
3. Transmutation of type rζ, ζs
3.1. Let us remind that the loci
(3.1) |ζpsq| “ c, c ą 0, s P Czt1u
is the level curve, (comp. [9], pp. 120 – 122). Of course, the topological structure
of the level curve is (in general) very complicated. For example, the level curve
|ζpsq| “ 0.8
contains three ovals (apart from another) situated in the neighborhood of the first
three roots of the equation
ζ
ˆ
1
2
` it
˙
“ 0,
i.e. this one represents the disconnected set, (see [1], p. 371, FIG. 149).
3.2. First, we define for every admissible and fixed U,L (see (1.1), (1.2)) the
following level curves:
(3.2)
p1q
Ω lpU,Lq, l “ 1, 2, 3
as the loci
(3.3) |ζps1l q| “
ˇˇˇ
ˇζ
ˆ
1
2
` iαl,1
1
˙ˇˇˇ
ˇ ,
where
(3.4) s1l “ s
1
l pU,Lq P
p1q
Ω l Ă C, l “ 1, 2, 3,
(of course, the sets
p1q
Ω l are continuum ones).
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3.3. Secondly, we use the loci (3.1) for the following values
(3.5) c1 “ | sinα
1,1
0
|, c2 “ | cosα
2,1
0
|, c3 “ cos 2α
3,1
0
,
see (1.2) where, of course
cosp2α3,1
0
q “ cosr2pα3,1
0
´ piLqs ą 0.
Consequently, we define for every admissible and fixed U,L the following three level
curves
(3.6)
p2q
Ω lpU,Lq, l “ 1, 2, 3
as the loci
|ζps21q| “ | sinα
1,1
0
|, s21 “ s
2
1pU,Lq P
p2q
Ω 1,
|ζps22q| “ | cosα
2,1
0
|, s22 “ s
2
2pU,Lq P
p2q
Ω 2,
|ζps23q| “ cos 2α
3,1
0
, s23 “ s
2
3pU,Lq P
p2q
Ω 3.
(3.7)
3.4. Finally, construction of the sets
p1q
Ω l,
p2q
Ω l together with application of the sub-
stitutions (2.3), (3.7) into (1.2) completes the proof of the following.
Theorem 1. For every fixed and admissible U,L (see (1.1), (1.2)) there are con-
tinuum sets
(3.8)
p1q
Ω lpU,Lq,
p2q
Ω lpU,Lq Ă C, l “ 1, 2, 3
such that for every elements
(3.9) s1l P
p1q
Ω l, s
2
l P
p2q
Ω l
we have the following formula (transmutation of (1.2))
|ζps11q|
2|ζps21q|
2 ´
"
1`O
ˆ
ln lnL
lnL
˙*
|ζps12q|
2|ζps22q|
2 ` |ζps13q|
2|ζps23q| “ 0.(3.10)
4. Transmutations of types rζ, coss, rζ, psqn1 , psqn2 , psqn3 s
4.1. We use the loci
(4.1) | cos s| “ c, c ą 0, s P C
for the three values (3.5). Consequently, we define for every admissible and fixed
U,L the following level curves
(4.2)
p3q
Ω l, l “ 1, 2, 3
as the loci
| cos s31| “ | sinα
1,1
0
|, s31 “ s
3
1pU,Lq P
p3q
Ω 1,
| cos s32| “ | cosα
2,1
0
|, s32 “ s
3
2pU,Lq P
p3q
Ω 2,
| cos s33| “ cos 2α
3,1
0
, s33 “ s
3
3pU,Lq P
p3q
Ω 3.
(4.3)
Now we have the following.
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Theorem 2. For every fixed and admissible U,L there are the sets
(4.4)
p1q
Ω lpU,Lq,
p3q
Ω lpU,Lq Ă C, l “ 1, 2, 3
such that we have the following formula (transmutation of (1.2))
|ζps11q|
2| cos s31|
2 ´
"
1`O
ˆ
ln lnL
lnL
˙*
|ζps12q|
2| cos s32|
2 ` |ζps13q|
2| cos s33| “ 0.
(4.5)
4.2. For the functions
(4.6) psqn1 , psqn2 , psqn3 , pn1, n2, n3q P N
3
we define the level curves
(4.7)
p4q
Ω lpU,L, nlq, l “ 1, 2, 3
as the loci
|s41|
n1 “ | sinα1,1
0
|,
|s42|
n2 “ | cosα2,1
0
|,
|s43|
n3 “ cos 2α3,1
0
(4.8)
for every fixed and admissible U,L, n1, n2, n3. Now we have (see (1.2), (3.4), (4.8))
the following.
Theorem 3. For every fixed and admissible U,L, n1, n2, n3 there are the sets
(4.9)
p1q
Ω lpU,Lq,
p4q
Ω lpU,L, nlq Ă C, l “ 1, 2, 3
such that we have the following formula (transmutation of (1.2))
|ζps11q|
2|s41|
2n1 ´
"
1`O
ˆ
ln lnL
lnL
˙*
|ζps12q|
2|s42|
2n2 ` |ζps13q|
2|s43|
n3 “ 0.(4.10)
Remark 12. The formula (4.10) gives an example of infinite set of transmutations
of the mother formula (1.2).
5. Transmutations of types rζ, 1
Γ
s, rζ, Jp1 , Jp2 , Jp3 s, rζ, sn, cn, dns
5.1. For the integral function
(5.1)
1
Γpsq
, s P C
we define the level curves
(5.2)
p5q
Ω lpU,Lq, l “ 1, 2, 3
as the loci
1
|Γps5
1
q|
“ | sinα1,1
0
|,
1
|Γps5
2
q|
“ | cosα2,1
0
|,
1
|Γps5
3
q|
“ cos 2α3,1
0
,
(5.3)
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for every fixed and admissible U,L. Now we have (see (1.2), (3.4), (5.3)) the
following
Theorem 4. For every fixed and admissible U,L there are sets
(5.4)
p1q
Ω lpU,Lq,
p5q
Ω lpU,Lq Ă C, l “ 1, 2, 3
such that we have the following formula (transmutation of (1.2))
(5.5)
|ζps11q|
2
|Γps5
1
q|2
´
"
1`O
ˆ
ln lnL
lnL
˙*
|ζps12q|
2
|Γps5
2
q|2
`
|ζps13q|
2
|Γps5
3
q|
“ 0.
5.2. For the Bessel’s functions
(5.6) Jp1psq, Jp2psq, Jp3 psq, s P C, pp1, p2, p3q P Z
3
we define the level curves
(5.7)
p6q
Ω lpU,L, plq, l “ 1, 2, 3
as the loci
|Jp1ps
6
1q| “ | sinα
1,1
0
|,
|Jp2ps
6
2q| “ | cosα
2,1
0
|,
|Jp3ps
6
3q| “ cos 2α
3,1
0
,
(5.8)
for every fixed and admissible U,L, p1, p2, p3. Now we have (see (1.2), (3.4), (5.8))
the following.
Theorem 5. For every fixed and admissible U,L, p1, p2, p3 there are sets
(5.9)
p1q
Ω lpU,Lq,
p6q
Ω lpU,L, plq Ă C, l “ 1, 2, 3
such that we have the following formula (transmutation of (1.2))
|ζps11q|
2|Jp1ps
6
1q| ´
"
1`O
ˆ
ln lnL
lnL
˙*
|ζps12q|
2|Jp2ps
6
2q|
2`
` |ζps13q|
2|Jp3ps
6
3q| “ 0.
(5.10)
Remark 13. Here we have the infinite (enumerable) set of transmutations of trans-
mutations of the mother formula (1.2), comp. Remark 12.
5.3. For the Jacobi’s elliptic functions (their relief-surfaces with k “ 0.8 see in [1],
pp. 202, 203)
(5.11) snps, k1q, cnps, k2q, dnps, k3q, rpk1q
2, pk2q
2, pk3q
2s P p0, 1q3
(k1, k2, k3 stand for the moduli) we define the level curves
(5.12)
p7q
Ω lpU,L, klq, l “ 1, 2, 3
as the loci
| snps71, k1q| “ | sinα
1,1
0
|,
| cnps72, k2q| “ | cosα
2,1
0
|,
| dnps73, k3q| “ cos 2α
3,1
0
(5.13)
for every fixed and admissible U,L, k1, k2, k3. Now we have (see (1.2), (3.4), (5.13))
the following.
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Theorem 6. For every fixed and admissible U,L, k1, k2, k3 there are sets
(5.14)
p1q
Ω lpU,Lq,
p7q
Ω lpU,L, klq Ă C, l “ 1, 2, 3
such that we have the following formula (transmutation of (1.2))
|ζps11q|
2| snps71, k1q| ´
"
1`O
ˆ
ln lnL
lnL
˙*
|ζps12q|
2| cnps72, k2q|
2`
` |ζps13q|
2| dnps73, k3q| “ 0.
(5.15)
Remark 14. About the potency of the set of transmutations in (5.15) see Remark
2.
I would like to thank Michal Demetrian for his moral support of my study of
Jacob’s ladders.
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